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We summarize the phase diagrams of SU, SO and Sp gauge theories as function of the number of fla- 
vors, colors, and matter representation as weU as the ones of phenomenologicaUy relevant chiral gauge 
theories such as the Bars-Yankielowicz and the generalized Georgi-Glashow models. We finally report 
on the intriguing possibility of the existence of gauge-duals for nonsupersymmetric gauge theories and 
the impact on their conformal window. 



1. Phases of Gauge Theories 

Models of dynamical breaking of the electroweak symmetry are theoretically appealing 
and constitute one of the best motivated natural extensions of the standard model (SM). We 
have proposed several models possessing interesting dynamics relevant for collider phe- 
nomenology^ and cosmology.EESElThe structure of one of these models, known as Min- 
imal Walking Technicolor, has led to the construction of a new supersymmetric extension 
of the SM featuring the maximal amount of supersymmetry in four dimension with a clear 
connection to string theory, i.e. Minimal Super Conformal Technicolor.^^ These models are 
also being investigated via first principle lattice simulationJ^^J^^ An up-to-date review is 



Ref . |59| while an excellent review updated till 2003 is Ref . |60| These are also among the 
most challenging models to work with since they require deep knowledge of gauge dynam- 
ics in a regime where perturbation theory fails. In particular, it is of utmost importance to 
gain information on the nonperturbative dynamics of non-abelian four dimensional gauge 
theories. The phase diagram of SU{N) gauge theories as functions of number of flavors, 
colors and matter representation has been investigated in.^ The analytical tools which 
will be used here for such an exploration are: i) The conjectured physical all orders beta 
function for nonsupersymmetric gauge theories with fermionic matter in arbitrary repre- 
sentations of the gauge groupj^ii) The truncated Schwinger-Dyson equation (SD)^^ (re- 
ferred also as the ladder approximation in the literature); The Appelquist-Cohen-Schmaltz 
(ACS) conjecture^^ which makes use of the counting of the thermal degrees of freedom at 
high and low temperature. These are the methods which we have used in our investigations. 



^Earlier interesting model^^^ have contributed triggering the l attice investigations for the conformal window 
with theories featuring fermions in the fundamental representatioiffil^ 
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However several very interesting and competing analytic approaches^^^^^' have been pro- 
posed in the literature. What is interesting is that despite the very different starting point the 
various methods agree qualitatively on the main features of the various conformal windows 
presented here. 



1.1. Physical all orders Beta Function - Conjecture 

Recently we have conjectured an all orders beta function which allows for a bound 
of the conformal window of SU{N) gauge theories for any matter representation. The 
predictions of the conformal window coming from the above beta function are nontrivially 
supported by all the recent lattice results .^^^i^^i^^^t^ 

In^^ we further assumed the form of the beta function to hold for SO{N) and Sp{2N) 
gauge groups and further extended 

iiP 

to chiral gauge theories. Consider a generic gauge 
group with Nf{ri) Dirac flavors belonging to the representation r^, i = 1, . . . , /c of the 
gauge group. The conjectured beta function reads: 

„,„, sr' li«-iY.liT{,:)N,(r,)-,,{g') 

with 

Po = yC2(G) -^Y. T{n)Nf{n) and p'^ = C2{G) -Y,T(n)Nf{n) .(2) 

i=l i—1 

The generators , a = 1 . . . N'^ — 1 of the gauge group in the representation r are nor- 
malized according to Tr [T^T^] = T{r)6^^ while the quadratic Casimir C2(r) is given 
by T^T^ = C2{r)I. The trace normalization factor T(r) and the quadratic Casimir are 
connected via C2{r)d{r) = T{r)d{G) where d{r) is the dimension of the representation r. 
The adjoint representation is denoted by G. 

The beta function is given in terms of the anomalous dimension of the fermion mass 
7 = —d\nm/d\n /I where m is the renormalized mass, similar to the supersymmetric 
^^gg|87]|89l Yoss of asymptotic freedom is determined by the change of sign in the first 
coefficient /3o of the beta function. This occurs when 

k 

^ ^T{n)Nf{n) = C2{G) , Loss of AF. (3) 

At the zero of the beta function we have 

k 

Y^^T{n)Nf{n){2 + j,) = C2{G), (4) 

i=l 

Hence, specifying the value of the anomalous dimensions at the IRFP yields the last con- 
straint needed to construct the conformal window. Having reached the zero of the beta 
function the theory is conformal in the infrared. For a theory to be conformal the dimen- 
sion of the non-trivial spinless operators must be larger than one in order not to contain 
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negative norm states Since the dimension of the chiral condensate is 3 — 7^ we see 
that 7^ = 2, for all representations r^, yields the maximum possible bound 

k 

p^^T{n)Nf{n) = C2{G) , 7i = 2. (5) 
In the case of a single representation this constraint yields 

^/«->y^, 7 = 2. (6) 

The actual size of the conformal window can be smaller than the one determined by the 
bound above, Eq. ^ and ([5]). It may happen, in fact, that chiral symmetry breaking is 
triggered for a value of the anomalous dimension less than two. If this occurs the confor- 
mal window shrinks. Within the ladder approximatiorEEH one finds that chiral symmetry 
breaking occurs when the anomalous dimension is close to one. Picking 7^ = 1 we find: 

k 

Y^^T{n)Nf{n)=C2{G), 7=1,- (7) 

i=l 

In the case of a single representation this constraint yields 

^f(^r>'j^, 7=1. (8) 

When considering two distinct representations the conformal window becomes a three di- 
mensional volume, i.e. the conformal house.^^ Of course, we recover the results by Banks 
and Zak^vaUd in the perturbative regime of the conformal window. 

We note that the presence of a physical IRFP requires the vanishing of the beta func- 
tion for a certain value of the coupling. The opposite however is not necessarily true; the 
vanishing of the beta function is not a sufficient condition to determine if the theory has a 
fixed point unless the beta function is physical. By physical we mean that the beta function 
allows to determine simultaneously other scheme-independent quantities at the fixed point 
such as the anomalous dimension of the mass of the fermions. This is exactly what our beta 
function does. In fact, in the case of a single representation, one finds that at the zero of the 
beta function one has: 

^ llC2(G)-4T(r)7V; 
^ 2T{r)Nf ' 

1.2. Schwinger-Dyson in the Rainbow Approximation 

For nonsupersymmetric theories another way to get quantitative estimates is to use the 
rainbow approximation to the Schwinger-Dyson equation .1^11251 After a series of approxima- 
tions (se^Sfor a review) one deduces for an SU {N) gauge theory with Nj Dirac fermions 
transforming according to the representation r the critical number of flavors above which 
chiral symmetry maybe unbroken: 

SD^ 17C2(G) + 66C2(r)C2(G) 

/ 10C2(G) + 30C2(r) T(r) ' ^ ' 
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Comparing with the previous result obtained using the all orders beta function we see that it 
is the coefficient of C2 {G)/T{r) which is different. We note that in^it has been advocated 
a coefficient similar to the one of the all-orders beta function. 

1.3. The SU, SO and Sp phase diagrams 

We consider here gauge theories with fermions in any representation of the SU {N) 
gauge groujGE3t^ll2Z using the various analytic methods described above. 

Here we plot in Fig. [T] the conformal windows for various representations predicted 
with the physical all orders beta function and the SD approaches. 




2 3 4 5 6 7 

N 



Fig. 1. Phase diagram for nonsupersymmetric theories with fermions in the: i) fundamental representation 
(black), ii) two-index antisymmetric representation (blue), iii) two-index symmetric representation (red), iv) ad- 
joint representation (green) as a function of the number of flavors and the number of colors. The shaded areas 
depict the corresponding conformal windows. Above the upper solid curve the theories are no longer asymptoti- 
cally free. In between the upper and the lower solid curves the theories are expected to develop an infrared fixed 
point according to the all orders beta function. The area between the upper solid curve and the dashed curve 
corresponds to the conformal window obtained in the ladder approximation. 

The ladder result provides a size of the window, for every fermion representation, 
smaller than the maximum bound found earlier. This is a consequence of the value of 
the anomalous dimension at the lower bound of the window. The unitarity constraint cor- 
responds to 7 = 2 while the ladder result is closer to 7 ~ 1. Indeed if we pick 7 = 1 our 
conformal window approaches the ladder result. Incidentally, a value of 7 larger than one, 
still allowed by unitarity, is a welcomed feature when using this window to construct walk- 
ing technicolor theories. It may allow for the physical value of the mass of the top while 
avoiding a large violation of flavor changing neutral currents^^ which were investigated in^ 
in the case of the ladder approximation for minimal walking models. 
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1.3.1. The Sp(2N) phase diagram 

Sp{2N) is the subgroup ofSU{2N) which leaves the tensor J^^^^ = {lNxN^i(T2y^''^ 
invariant. Irreducible tensors of Sp{2N) must be traceless with respect to J^^^^ Here we 
consider Sp{2N) gauge theories with fermions transforming according to a given irre- 
ducible representation. Since tt^ [Sp{2N)] = Z2 there is a Witten topological anomal>^^ 
whenever the sum of the Dynkin indices of the various matter fields is odd. The adjoint of 
Sp{2N) is the two-index symmetric tensor. 

In Figure [2] we summarize the relevant zero temperature and matter density phase di- 
agram as function of the number of colors and Weyl flavors (Nwf) for Sp{2N) gauge 
theories. For the vector representation Nwf = 2Nf while for the two-index theories 
Nwf = Nf. The shape of the various conformal windows are very similar to the ones 
for SU{N) gauge theorie£EEll with the difference that in this case the two-index sym- 
metric representation is the adjoint representation and hence there is one less conformal 
window. 




Fig. 2. Phase Diagram, from top to bottom, for Sp{2N) Gauge Theories with N^y f = '^Nf Weyl fermions in 
the vector representation (Hght blue), Nw f = Nf in the two-index antisymmetric representation (light red) and 
finally in the two-index symmetric (adjoint) (light green). The arrows indicate that the conformal windows can 
be smaller and the associated solid curves correspond to the all orders beta function prediction for the maximum 
extension of the conformal windows. 



1.3.2. The SO{N) phase diagram 

We shall consider SO{N) theories (for N > b) since they do not suffer of a Witten 
anomal}C^ and, besides, for A/' < 7 can always be reduced to either an SU or an Sp 
theory. 

In Figure [3] we summarize the relevant zero temperature and matter density phase dia- 
gram as function of the number of colors and Weyl flavors (Nf) for SO{N) gauge theories. 
The shape of the various conformal windows are very similar to the ones for SU (N) and 
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Fig. 3. Phase diagram of SO{N) gauge theories with Nf Weyl fermions in the vector representation, in the 
two-index antisymmetric (adjoint) and finally in the two-index symmetric representation. The arrows indicate that 
the conformal windows can be smaller and the associated solid curves correspond to the all orders beta function 
prediction for the maximum extension of the conformal windows. 

Sp{2N) gauge with the difference that in this case the two-index antisymmetric represen- 
tation is the adjoint representation. We have analyzed only the theories with N > 6 since 
the remaining smaller N theories can be deduced from Sp and SU using the fact that 

S0{6) - SU{4), S0{5) - Sp{4), S0{4) - SU{2) x SU{2), S0{3) - SU{2), and 
SO{2) - U{1). 

The phenomenological relevance of orthogonal gauge groups for models of dynamical 
electro weak symmetry breaking has been shown in.^ 

1.4. Phases of Chiral Gauge Theories 

Chiral gauge theories, in which at least part of the matter field content is in complex 
representations of the gauge group, play an important role in efforts to extend the SM. 
These include grand unified theories, dynamical breaking of symmetries, and theories of 
quark and lepton substructure. Chiral theories received much attention in the 1980's.5^3^ 

Here we confront the results obtained in Ref.^^^ using the thermal degree of count 
freedom with the generalization of the all orders beta function useful to constrain chiral 
gauge theories appeared in.l^ The two important class of theories we are going to investi- 
gate are the Bars-Yankielowicz (BY) model involving fermions in the two-index sym- 
metric tensor representation, and the other is a generalized Georgi-Glashow (GGG) model 
involving fermions in the two-index antisymmetric tensor representation. In each case, in 
addition to fermions in complex representations, a set of p anti fundamental-fundamental 
pairs are included and the allowed phases are considered as a function of p. An indepen- 
dent relevant study of the phase diagrams of chiral gauge theories appeared in.E3 Here the 
authors also compare their results with the ones presented below. 
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1.4.1. All-orders beta function for Chiral Gauge Theories 

A generic chiral gauge theory has always a set of matter fields for which one cannot 
provide a mass term, but it can also contain vector-like matter. We hence suggest the fol- 
lowing minimal modification of the all orders beta functiorPS for any nonsupersymmetric 
chiral gauge theory: 

B (n) - Po-lEUT{n)p{nH{9') 
(4-)^ 1 - ^C2(G) (l + ^) 

where pi is the number of vector like pairs of fermions in the representation for which 
an anomalous dimension of the mass 7^ can be defined. /3o is the standard one loop coef- 
ficient of the beta function while expression is readily obtained by imposing that when 
expanding one recovers the two-loop coefficient correctly and its explicit expression 
is not relevant here. According to the new beta function gauge theories without vector-like 
matter but featuring several copies of purely chiral matter will be conformal when the num- 
ber of copies is such that the first coefficient of the beta function vanishes identically. Using 
topological excitations an analysis of this case was performed in.l^ 



1.4.2. The Bars Yankielowicz (BY) Model 

This model is based on the single gauge group SU{N > 3) and includes fermions 
transforming as a symmetric tensor representation, S = i^^^^K a,6 = l,---,A/'; N -\- 
4 + p conjugate fundamental representations: Fa^i = "^aiL^ where i = I,-- - ,A/' + 4 + 
p\ and p fundamental representations, F^'* = V;^'*, i = 1, • • • The p = theory 
is the basic chiral theory, free of gauge anomalies by virtue of cancellation between the 
antisymmetric tensor and the + 4 conjugate fundamentals. The additional p pairs of 
fundamentals and conjugate fundamentals, in a real representation of the gauge group, lead 
to no gauge anomalies. 

The global symmetry group is 

Gf = SU{N + 4 + p) X SU{p) X Ui{l) X U2{1) . (12) 

Two /7(l)'s are the linear combination of the original t/(l)'s generated by 6* ^ e'^^^ S , 
F e^^^F and F ^^^f p ^j^^^ j^f^ invariant by instantons, namely that for which 
Nii.T{Rj)Qii. = 0, where Qr. is the [7(1 ) charge of Rj and Nr. denotes the number 
of copies of Rj . 

Thus the fermionic content of the theory is where the first SU{N) is the gauge group. 



Fields 
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indicated by the square brackets. 

From the numerator of the chiral beta function and the knowledge of the one-loop 
coefficient of the BY perturbative beta function the predicted conformal window is: 

3^^^<p<l{3N-2), (13) 

with 7* the largest possible value of the anomalous dimension of the mass. The maximum 
value of the number of p flavors is obtained by setting 7* = 2: 

^{3N -2)<p< ^{3N - 2) , 7* = 2 , (14) 

while for 7* = 1 one gets: 

(3A/--2)<p<^(37V-2), 7* = 1. (15) 

The chiral beta function predictions for the conformal window are compared with the ther- 
mal degree of freedom investigation as shown in the left panel of Fig.|4] In order to derive 





Fig. 4. Left panel: Phase diagram of the BY generalized model. The upper solid (blue) line corresponds to 
the loss of asymptotic freedom; the dashed (blue) curve corresponds to the chiral beta function prediction for 
the breaking/restoring of chiral symmetry. The dashed black line corresponds to the ACS bound stating that the 
confor mal r egion should start above this line. We have augmented the ACS method with the Appelquist-Duan- 
SanninJi^ extra requirement that the phase with the lowest number of massless degrees of freedom wins among 
all the possible phases in the infrared a chiral gauge theory can have. We hence used j^^^+^y™ ^nd fuv to 
determine this curve. According to the all orders beta function (B.F.) the conformal window cannot extend below 
the solid (blue) line, as indicated by the arrows. This line corresponds to the anomalous dimension of the mass 
reaching the maximum value of 2. Right panel: The same plot for the GGG model. 

a prediction from the ACS method we augmented it with the Appelquist-Duan- 

SanninJISl 

extra requirement that the phase with the lowest number of massless degrees of freedom 
wins among all the possible phases in the infrared a chiral gauge theory can have. The 
thermal critical number is: 



Therm 



-16 + 37V + \/208 - 196^" + 69N'^ 



(16) 
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1 .4.3. The Generalized Georgi-Glashow ( GGG) Model 

This model is similar to the BY model just considered. It is an SU {N > 5) gauge the- 
ory, but with fermions in the anti-symmetric, rather than symmetric, tensor representation. 
The complete fermion content is A = V^j^^^, a, 6 = 1, • • • , A^; an additional N — 4 -\- p 
fermions in the conjugate fundamental representations: F^^i = i = 1, • • • , A^— 4+p; 

and p fermions in the fundamental representations, F'^'* = ^ = 1, • ' ' ^P- 

The global symmetry is 

Gf = SU{N - 4 +p) X SU{p) X Ui{l) X U2{1) . (17) 

where the two [/(l)'s are anomaly free. With respect to this symmetry, the fermion content 
is 
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Following the analysis for the BY model the chiral beta function predictions for the 
conformal window are compared with the thermal degree of freedom investigation and the 
result is shown in the right panel of Fig.|4j 

1.5. Conformal Chiral Dynamics 

Our starting point is a nonsupersymmetric non-abelian gauge theory with sufficient 
massless fermionic matter to develop a nontrivial IRFP. The cartoon of the running of the 
coupling constant is represented in Fig. |5] In the plot Au is the dynamical scale below 
which the IRFP is essentially reached. It can be defined as the scale for which a is 2/3 of 
the fixed point value in a given renormalization scheme. If the theory possesses an IRFP 
the chiral condensate must vanish at large distances. Here we want to study the behavior 
of the condensate when a flavor singlet mass term is added to the underlying Lagrangian 
AL = —m ipip + h.c. with m the fermion mass and ip^ as well as ip^ left transforming 
two component spinors, c and / represent color and flavor indices. The omitted color and 
flavor indices, in the Lagrangian term, are contracted. We consider the case of fermionic 
matter in the fundamental representation of the SU{N) gauge group. The effect of such a 
term is to break the conformal symmetry together with some of the global symmetries of 
the underlying gauge theory. The composite operator O^^*^ = ipf has mass dimension 
= 3 — 7 with 7 the anomalous dimension of the mass term. At the fixed point 7 is a 
positive number smaller than two.^^ We assume m <C Au- Dimensional analysis demands 
AF —m Ajj Tt[0^^] + h.c. . The mass term is a relevant perturbation around the IRFP 
driving the theory away from the fixed point. It will induce a nonzero vacuum expectation 
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a 




Fig. 5. Running of the coupling constant in an asymptotically free gauge theory developing an infrared fixed 
point for a value a = a* . 



value for (9^^ itself proportional to Sj . It is convenient to define Tr[(9^^] = NfO with O 
a flavor singlet operator. The relevant low energy Lagrangian term is then —m Ajj NfO ^ 
h.c To determine the vacuum expectation value of O we follow !^^^E2Zi 

The induced physical mass gap is a natural infrared cutoff. We, hence, identify Air 
with the physical value of the condensate. We find: 

{^i^f) ^ -mAl , < 7 < 1 , (18) 

{i[^irf)^-mAl\og^^, 7^1, (19) 

(^^V^^) (X -m^A^ , 1<7<2. (20) 

We used ~ ^Jji^) to relate the expectation value of O to the one of the fermion 

condensate. Via an allowed axial rotation m is now real and positive. The effects of the 
Instantons on the conformal dynamics has been investigated in.^^^ Here it was shown that 
the effects of the instantons can be sizable only for a very small number of flavors given 
that, otherwise, the instanton induced operators are highly irrelevant. 



1.6. Gauge Duals and Conformal Window 

One of the most fascinating possibilities is that generic asymptotically free gauge theo- 
ries have magnetic duals. In fact, in the late nineties, in a series of ground breaking papers 
Seiber^i^21ii2l provided strong support for the existence of a consistent picture of such a 
duality within a supersymmetric framework. Arguably the existence of a possible dual of a 
generic nonsupersymmetric asymptotically free gauge theory able to reproduce its infrared 
dynamics must match the 't Hooft anomaly conditions. 

We have exhibited several solutions of these conditions for QCD in^^ and for cer- 
tain gauge theories with higher dimensional representations in.^^^ An earlier exploration 
already appeared in the literature The novelty with respect to these earlier results are: 
i) The request that the gauge singlet operators associated to the magnetic baryons should 
be interpreted as bound states of ordinary baryons;^ ii) The fact that the asymptotically 
free condition for the dual theory matches the lower bound on the conformal window ob- 
tained using the all orders beta f unction. These extra constraints help restricting further 
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the number of possible gauge duals without diminishing the exactness of the associate so- 
lutions with respect to the 't Hooft anomaly conditions. 

We will briefly summarize here the novel solutions to the 't Hooft anomaly conditions 
for QCD. The resulting magnetic dual allows to predict the critical number of flavors above 
which the asymptotically free theory, in the electric variables, enters the conformal regime 
as predicted using the all orders conjectured beta function.^^ 

1.6.1. QCD Duals 

The underlying gauge group is SU (3) while the quantum flavor group is 

SUL{Nf) X SUniNf) x Uv{l) , (21) 

and the classical Ua{^) symmetry is destroyed at the quantum level by the Adler-Bell- 
Jackiw anomaly. We indicate with Q^.^ the two component left spinor where a = 1, 2 is 
the spin index, c = 1, 3 is the color index while i = 1, A^j represents the flavor. Q^'^ 
is the two component conjugated right spinor. 

The global anomalies are associated to the triangle diagrams featuring at the vertices 
three SU {Nf) generators (either all right or all left), or two SU {Nf) generators (all right 
or all left) and one t/y (1) charge. We indicate these anomalies for short with: 

SUL/R{Nff , SUL/R{Nff Uv{l) . (22) 

For a vector like theory there are no further global anomalies. The cubic anomaly factor, 
for fermions in fundamental representations, is 1 for Q and —1 for Q while the quadratic 
anomaly factor is 1 for both leading to 

SUL/R{Nff (X ±3 , SUL/R{NffUv{l) (X ±3 . (23) 

If a magnetic dual of QCD does exist one expects it to be weakly coupled near the 
critical number of flavors below which one breaks large distance conformality in the electric 
variables. This idea is depicted in Fig [6] 

Determining a possible unique dual theory for QCD is, however, not simple given the 
few mathematical constraints at our disposal. The saturation of the global anomalies is an 
important tool but is not able to select out a unique solution. We shall see, however, that 
one of the solutions, when interpreted as the QCD dual, leads to a prediction of a critical 
number of flavors corresponding exactly to the one obtained via the conjectured all orders 
beta function. 

We seek solutions of the anomaly matching conditions for a gauge theory SU (X) with 
global symmetry group SUL{Nf) x SUR{Nf) x /7y(l) featuring magnetic quarks q and 
g together with SU {X) gauge singlet states identifiable as baryons built out of the electric 
quarks Q. Since mesons do not affect directly global anomaly matching conditions we 
could add them to the spectrum of the dual theory. We study the case in which X is a linear 
combination of number of flavors and colors of the type aNf + 3/3 with a and P integer 
numbers. 

We add to the magnetic quarks gauge singlet Weyl fermions which can be identified 
with the baryons of QCD but massless. 
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Fig. 6. Schematic representation of the phase diagram as function of number of flavors and colors. For a given 
number of colors by increasing the number flavors within the conformal window we move from the lowest line 
(violet) to the upper (black) one. The upper black line corresponds to the one where one looses asymptotic freedom 
in the electric variables and the lower line where chiral symmetry breaks and long distance conformality is lost. In 
the magnetic variables the situation is reverted and the perturbative line, i.e. the one where one looses asymptotic 
freedom in the magnetic variables, correspond to the one where chiral symmetry breaks in the electric ones. 

Having defined the possible massless matter content of the gauge theory dual to QCD 
one computes the SUL{Nf)^ and SUL{Nf)'^ ^v(l) global anomalies in terms of the new 
fields. We have found several solutions to the anomaly matching conditions presented 
above. Some were found previously in.^^^ Here we display a new solution in which the 
gauge group is SU {2Nf — 5N) with the number of colors N equal to 3. It is, however, 
convenient to keep the dependence on N explicit. X must assume a value strictly larger 
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than one otherwise it is an abelian gauge theory. This provides the first nontrivial bound on 
the number of flavors: 

N,>'-^. (24) 



March 1 , 201 10:17 WSPC - Proceedings Trim Size: 9.75in x 6.5in sanninoscgt09-28-2-201 0-F 



13 

which for A/" = 3 requires Nf > S. Asymptotic freedom of the newly found theory is 
dictated by the coefficient of the one-loop beta function : 

/3o = ^{2Nf-5N)-^Nf . (25) 

To this order in perturbation theory the gauge singlet states do not affect the magnetic 
quark sector and we can hence determine the number of flavors obtained by requiring the 
dual theory to be asymptotic free, i.e.: 

Nf >^N Dual Asymptotic Freedom . (26) 

Quite remarkably this value coincides with the one predicted by means of the all orders 
conjectured beta function for the lowest bound of the conformal window, in the electric 
variables, when taking the anomalous dimension of the mass to be 7 = 2. We recall that 
for any number of colors N the all orders beta function requires the critical number of 
flavors to be larger than: 

iV/^|^=2 = ^iV. (27) 

For N=3 the two expressions yield 8.25 We consider this a nontrivial and interesting 
result lending further support to the all orders beta function conjecture and simultaneously 
suggesting that this theory might, indeed, be the QCD magnetic dual. The actual size of 
the conformal window matching this possible dual corresponds to setting 7 = 2. We note 
that although for Nf = 9 and A/" = 3 the magnetic gauge group is SU (3) the theory is 
not trivially QCD given that it features new massless fermions and their interactions with 
massless mesonic type fields. 

Recent suggestions to analyze the conformal window of nonsupersymmetric gauge the- 
ories based on different model assumptions^"^ are in qualitative agreement with the precise 
results of the all orders beta function conjecture. It is worth noting that the combination 
2A^/ — 5A^ appears in the computation of the mass gap for gauge fluctuations presented 
in.l^UHllt would be interesting to explore a possible link between these different approaches 
in the future. 

We have also find solutions for which the lower bound of the conformal window is 
saturated for 7 = 1. The predictions from the gauge duals are, however, entirely and sur- 
prisingly consistent with the maximum extension of the conformal window obtained using 
the all orders beta function.^^ Our main conclusion is that the 't Hooft anomaly conditions 
alone do not exclude the possibility that the maximum extension of the QCD conformal 
window is the one obtained for a large anomalous dimension of the quark mass. 

By computing the same gauge singlet correlators in QCD and its suggested dual, one 
can directly validate or confute this proposal via lattice simulations. 



Actually given that X must be at least 2 we must have Nf > 8.5 rather than 8.25 
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1.7. Conclusions 

We investigated the conformal windows of chiral and non-chiral nonsupersymmetric 
gauge theories with fermions in any representation of the underlying gauge group using 
four independent analytic methods. For vector-like gauge theories one observes a univer- 
sal value, i.e. independent of the representation, of the ratio of the area of the maximum 
extension of the conformal window, predicted using the all orders beta function, to the 
asymptotically free one, as defined in.^^ It is easy to check from the results presented that 
this ratio is not only independent on the representation but also on the particular gauge 
group chosen. 

The four methods we used to unveil the conformal windows are the all orders beta func- 
tion (BF), the SD truncated equation, the thermal degrees of freedom method and possible 
gauge - duality. They have vastly different starting points and there was no, a priori, reason 
to agree with each other, even at the qualitative level. 

Several questions remain open such as what happens on the right hand side of the in- 
frared fixed point as we increase further the coupling. Does a generic strongly coupled the- 
ory develop a new UV fixed point as we increase the coupling beyond the first IR value"^? 
If this were the case our beta function would still be a valid description of the running of 
the coupling of the constant in the region between the trivial UV fixed point and the neigh- 
borhood of the first IR fixed point. One might also consider extending our beta function 
to take into account of this possibility as done in.^^ It is also possible that no non-trivial 
UV fixed point forms at higher values of the coupling constant for any value of the number 
of flavors within the conformal window. Gauge-duals seem to be in agreement with the 
simplest form of the beta function. The extension of the all orders beta function to take into 
account fermion masses has appeared in.^^^ 

Our analysis substantially increases the number of asymptotically free gauge theories 
which can be used to construct SM extensions making use of (near) conformal dynamics. 
Current Lattice simulations can test our predictions and lend further support or even dis- 
prove the emergence of a universal picture possibly relating the phase diagrams of gauge 
theories of fundamental interactions. 
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